The prior estimate and decay property of positive solutions are derived for a system of quasilinear elliptic di erential equations ÿrst. Then, the nonexistence result for radially nonincreasing positive solutions of the system is implied. By using this nonexistence result, blow-up estimates for a class of quasilinear reaction-di usion systems (non-Newtonian ÿltration systems) are established to extend the result for semilinear reaction-di usion systems (Fujita type).
Introduction
The structure of positive solutions for quasilinear reaction-di usion systems (nonlinear Newtonian ÿltration systems) and semilinear reaction-di usion systems (Newtonian ÿltration systems) is a front topic in the study of static electric ÿelds in dielectric media, in which the potential is described by the boundary value problem of a static non-Newtonian ÿltration system, called the Poisson-Boltzmann problem. This kind of problems also appears in the study of the non-Newtonian or Newtonian turbulent ÿltration in porous media and so on, which have extensive engineering background. In recent years, the reaction-di usion systems of Fujita type
as well as the related elliptic system − u = u m1 v n1 ;
− v = u m2 v n2 ; x∈ (B) with ⊆ R N ; m i ; n i ¿ 0, i = 1; 2 were studied by a number of authors [2] [3] [4] [5] [6] 8, 9, [11] [12] [13] [14] [15] 17, 18] . The problems concerning system (A) include global existence and global existence numbers, blow-up, blow-up rates, and blow-up sets, uniqueness or nonuniqueness, etc. For system (B) there are problems such as existence or nonexistence, uniqueness or nonuniqueness, and so on. Meanwhile, it seems that very little is known about blow-up rate estimates for quasilinear reaction-di usion systems.
The aim of this paper is to derive some estimates from the above near the blow-up point for radially symmetric positive solutions of a class of quasilinear reaction-di usion systems:
as well as the nonexistence of positive solutions of the related elliptic systems:
−div(|∇u| p−2 ∇u) = u 1 v ÿ1 w 1 ;
−div(|∇u| q−2 ∇u) = u 2 v ÿ2 w 2 ;
−div(|∇u| m−2 ∇u) = u 3 v ÿ3 w 3 x ∈ ; (1.2) where ⊂ R N ; 1 ¿ p − 1; ÿ 2 ¿ q − 1; 3 ¿ m − 1 with p; q; m ¿ 1; 2 ; 3 ; ÿ 1 ; ÿ 3 ; 1 ; 2 ¿ 0. For p = q = m = 2, (1.1) is the classical reaction-di usion system of Fujita type. If p = 2; q = 2; m = 2, (1.1) appears in the theory of non-Newtonian uids [1, 10] and in nonlinear ÿltration theory [7] . In the non-Newtonian uids theory, the pair (p; q; m) is a characteristic quantity of the medium. Media with (p; q; m) ¿ (2; 2; 2) are called dilatant uids and those with (p; q; m) ¡ (2; 2; 2) are called pseudoplastics. If (p; q; m) = (2; 2; 2), they are Newtonian uids.
The main result of the present paper is the natural extension of the results given by Weissler et al. [18, 2, 17] , which concern the single equation 
Throughout this paper let = B R = {x ∈ R N : |x| ¡ R}(R ¿ 0) since we only deal with radially symmetric positive solutions of systems (1.1) and (1.2) here. In Section 2, we give su cient conditions under which the nonexistence of positive solutions of the elliptic system (1.2) holds in R N for N ¿ 3. Then, in Section 3, by using the nonexistence result, we get the desired blow-up estimates for the reaction-di usion system (1.1) with some additional assumptions.
Nonexistence for system (1.2)
Consider radially symmetric solutions of the elliptic system (1.2), i.e., suppose that u = u(r); v = v(r); w = w(r) with r = |x|. We have the following theorems.
If one of the following conditions is satisÿed:
(g1) N ¿ p and p = q = m = 2,
where d 1 = (p − 1)(q − 1)(m − 1); d 2 = (p − 1)(q − 1); d 3 = (p − 1)(m − 1); d 4 = (q − 1)(m − 1), then system (1.2) has no positive radially symmetric solution.
(g2) N ¿ p and p = q = m,
then system (1.2) has no positive radially symmetric solution.
To prove Theorems 2.1 and 2.2, system (1.2) can be written in radial coordinates as 
and
Proof. Systems (2.1) -(2.4) can be written as 
Using these three inequalities leads to
Solving this inequality; we have
Similarly, we can prove inequalities of Eqs. (2.6) and (2.7). This completes the proof of Lemma 2.1. 
Proof. Systems (2.1) -(2.4) can be rewritten as
(2.14)
We put
Since 
Since u ¡ 0, v ¡ 0 and w ¡ 0, we deduce from (2.17) that
From Pokhozhaev's identity (see [14] ), we have Lemma 2.3. Let u(r) be a solution of (2.1) in (r 1 ; r 2 ) ⊂ (0; ∞) and a be an arbitrary constant. Then; for each r ∈ (r 1 ; r 2 ) we have ;
From conditions (g1) or (g2) or (g3) of Theorem 2.1; the above inequalities lead to a contradiction for large r. Hence Eqs. (2.1) -(2.4) have no positive solution in (0; ∞); and thus the theorem follows. 
which implies that
Using Lemma 2.3 for Eq. (2.1) with a = (N − p)=p; we have 
Thus; by Lemma 2.2; the left-hand side of Eq. (2.21) is less than any ¿ 0 for large r; but the right-hand side is greater than a positive number. This is a contradiction. Thus our conclusion follows. which is just the nonexistence condition obtained by Shaohua Chen and Guozhen Lu [16] for this special case. From Theorem 2.2, for p = q = m = 2; ÿ 1 = 1 = 0; 2 = 2 = 0; 3 = ÿ 3 = 0; 1 = ÿ 2 = 3 = k ¿ 1, we have
which is equivalent to the well-known critical condition Motivated by Weissler [18] , Caristi and Mitidieri [2] and Sining Zheng [17] , we use the nonexistence result of the elliptic system (1.2) obtained in Section 2 to establish the blow-up estimates for the quasilinear reaction-di usion system (1.1). We impose the following initial and boundary value conditions to Eq. (1.1): . Assume that (i) u(·; t); v(·; t) and w(·; t) are nonnegative; radially symmetrical and nonincreasing as functions of r = |x|; (ii) u t (·; t); v t (·; t) and w t (·; t) achieve the maximum at 0 for any t ∈ (0; T ); (iii) u; v; w ¿ 0 u t ; v t ; w t ¿ 0 for (x; t) ∈ Q T = B R × (0; T ); (iv) u; v and w have a blow-up time T ¡ + ∞;
(v) i + ÿ i + i ¿ max{p − 1; q − 1; m − 1} with i ; ÿ i ; i ¿ 0; i = 1; 2; 3; p; q; m ¿ 1;
(vi) 1 ¿ p − 1 or ÿ 2 ¿ q − 1 or 3 ¿ m − 1 with p; q; m ¿ 1; 2 ; 3 ; ÿ 1 ; ÿ 3 ; 1 ; 2 ¿ 0; (vii)
(viii) There are positive constants k 1 ; k 2 ; k 3 ; k 4 and Á ¡ T such that k 2 u(0; t) 2= 1 6 v(0; t) 6 k 1 u(0; t) 2= 1 ; k 4 u(0; t) 3= 1 6 w(0; t) 6 k 3 u(0; t) 3= 1 for t ∈ (Á; T ):
(g1) N = 2 and p; q; m ¿ 2; i ; ÿ i ; i ¿ 0; i = 1; 2; 3. (g2) N ¿ p and p = q = m = 2;
or N ¿ p and p = q = m = 2; N=2 ¡ max 2 3 
(g4) N ¿ max{p; q; m} ¿ 2;
Then there are positive constants c 1 ; c 2 ; c 3 and t 1 ∈ (0; T ) such that
Remark 3.1. Conditions (i) -(iii) in Theorem 3.1 are reasonable if we impose appropriate assumptions on the initial data u 0 (x); v 0 (x) and w 0 (x); such as positivity; radial symmetry; and a suitable decreasing property with
Remark 3.2. Clearly; condition (viii) seems too strong. If p = q = m = 2; 2 = 3 ; ÿ 2 = ÿ 3 ; 2 = 3 ; 1 + ÿ 1 = 2 + ÿ 2 (in this case; (1.1) reduces to two equations); from Lemma 3.2 in [17] ; we know that k 2 u(x; t) 2= 1 6 v(x; t) 6 k 1 u(x; t) 2= 1 . If p = 2; q = 2 or 1 + ÿ 1 = 2 + ÿ 2 ; we do not know whether or not condition (viii) holds. We hope this condition can be substantially improved in the future. This is an open problem. where
are natural for the discussion of the blow-up rate estimate. Proof of Theorem 3.1. Deÿne the functions (t); Â(t); (t) for t ∈ (0; T ) as follows:
By putting
Since u(·; t); v(·; t) and w(·; t) achieve their maximum at r = 0 by assumption (iv); it is clear that 0 6 h 1 (r; t) 6 u(0; t) (t) 1 and taking into account assumptions (i) and (iv); it follows that
(3.8) 0 6 div(|∇h 2 (r; t)| q−2 ∇h 2 (r; t)) + h 2 1 h ÿ2 2 h 2 3 (r; t)
(3.9) 0 6 div(|∇h 3 (r; t)| p−2 ∇h 3 (r; t)) + h 3 1 h ÿ3 2 h 3 3 (r; t)
for any t ∈ (0; T ) and r ∈ [0; R (t)). Using the symmetry assumption (i), we can rewrite inequalities (3.8) -(3.10) in radial coordinates and get The last inequality implies that
for r 0 6 s 6 t. Letting t → +∞ in (3.28), we obtain a contradiction. If N = 2; p = 2 similar with the above method implies that
for r 0 6 s 6 t. Letting t → +∞ in the last inequality, we obtain a contradiction. Finally, if N ¿ max{p; q} ¿ 2 holds, we know from Theorem 2.1 or 2.2 that system (3.25) -(3.27) has no positive solutions. We conclude that Eq. (3.18) cannot hold: hence lim inf
It follows from Eq. (3.29) that there exists t 1 ∈ (0; T ) such that for any t ∈ (t 1 ; T ) we have
Integrating inequality (3.30) on (t; s) ⊆ (t 1 ; T ) and then letting s → T , we obtain w(x; t) 6 w(0; t) 6 c 3 (T − t) − 3 :
The proof is completed. Clearly; inequalities (3.32) -(3.36) agree with Theorem 3.1 if one takes p = q = m = 2; 1 = p 1 ; ÿ 1 = q 1 ; 2 = p 2 ; ÿ 2 = q 2 ; 1 = 2 = 3 = 0; 2 = 3 ; ÿ 2 = ÿ 3 or p = q = m = 2; 1 = ÿ 2 = 0; ÿ 1 = ; 2 = , 1 = 2 = 3 =0; 2 = 3 ; ÿ 2 = ÿ 3 or p = q = m =2; 2 = ÿ 1 =0; 1 = ÿ 2 = ; 1 = 2 = 3 =0; 2 = 3 ; ÿ 2 = ÿ 3 ; respectively. Therefore; this paper extends their results essentially. Âp + (p − 1)q Â(q + p(q − 2)) − q(p − 1) and T ∈ (0; ∞) is the blow-up time.
The single Eq. (1.1) was treated in [20] with (3.36). Clearly, inequalities (3.37) and (3.36) agree with Theorem 3.1 if one takes p; q = m ¿ 1; 1 = ÿ 2 = 0; 2 = Â; ÿ 1 = ; 1 = 2 = 3 = 0; 2 = 3 ; ÿ 2 = ÿ 3 or p; q = m ¿ 1; ÿ 1 = 1 = 2 = 2 = 3 = ÿ 3 = 0; 1 = ÿ 2 = 3 = , respectively. Therefore, this paper is also an extension of the above results.
